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In [2], Freilich and McLaughlin looked for a characterization of best
simultaneous approximations (Chebyshev centers) for bounded (not
necessarily campact) sets. They considered the following general setting:

Let X be a normed linear space, ¥ and F nonempty subsets of X with V
convex and F bounded. We are looking for v,e ¥ which minimizes
r(v, Fy=sup,.r |x—v|. Let K be a o(V, X*)-compact subset of the dual
unit ball B(X*) which norms F-V, ie, such that |x—v||=
sups. ¢ f(x —v) for all xe F, ve V (we may take, e.g., K= B(X*)). On the
compact space (K, a(V, K)), consider the upper-semicontinuous function
U (f) =l SUP oy 0 SUP, o §(X) = inf sUD, .y SUP,.. p g(x) oOVer all
o(V, K)-neighborhoods W of fin K.

The main result of [2], Theorem 2, claims that if v, e V, then v, is a best
simultaneous approximation of F in V if and only if, for each v e V, there is
an feext K satisfying:

(1) UE(f)— flvo) =r(vo, F) and
(2) fv—1v,)<0.

The necessity part is, unfortunately, false as can be seen by taking
V=X=c¢y, F={£((n—1)/n)e,; n=1,2,.} (where (e,} is the unit vector
basis of ¢,), K=B(c§)=B(l,). Clearly v,=0 is a best simultaneous
approximation of F, with r(0, F)=1. However, no feext K can satisfy (1):
such an f'must be of the type +e* for some j (where (e}*) is the unit vector
basis of /,), and if ¢ >0 is any and ge W, = {ge K; |g(e;) — f(e;)| <&}, then
lg—fI = 2ix;lgle)l + |g(ej)_f(ej)| = |lgll — lgle)l + |g(ej)"f(ej)|
< I—=(1—¢)+e = 2¢ so that sup,.,g(x) < sup.rflx)+[/—gl
sup, . [ Sl <1—=(1/j)+2¢, thus UZ(f) <1—(1/)).

The mistake is due to Lemma 1, which claims that U} is a convex
function on K. Indeed, in our example we have U} (0)=1 while UF

92

0021-9045/85 $3.00

Copyright ¢ 1985 by Academic Press, Inc.
All rights of reproduction in any form reserved.



APPROXIMATION OF BOUNDED SETS 93

(£e;)=1—(1/j). The error in the proof is the assertion that the translate of
a o(V, K)-open set is open again (in the relative topology).
The correct version of the theorem, using the same notation, seems to be:

THEOREM 1. wvy€e V is a best simultaneous approximation of F in V if and
only if for every veV there is an f in the a(V, K)-closure of ext K which
satisfies (1) and (2).

Proof. For the sufficiency part, any fe B(X*) satisfying (1) and (2) will
do: For, given veV and any ¢>0, take ge K with |g(vy) — flvo) <&,
|g(v) — f(v)] <& and x e F with g(x)— f(vy) > r(vy, F)—¢. Then |x—v| >
gx—v) = gx)—gl) > gx)—e—fv) = gx)—e—[flvy) >
r(vy, F)—2¢. Since ¢>0 was arbitrary, r(v, F)=sup{|x—v[:xeF}>
r(vy, F).

For the necessity, observe first that U (f) — f(vo) < r(vg, F) for all fe K.
Indeed, if ¢>0 is any and W= {geK; | f(v,) — g(vo)| <&}, then for all
xeF and ge W,, we have g(x)— f(vy) < g(x)— g(vy) +e< || x — vyl + €<
r(vy, F)+ e

Given ve V, take x,e F with | x,—v| >r(vy, F})—(1/n) and then take
f.eext K with f,(x,—v)>r(ve, F)— (1/n). Let g, be a o(V, K)-limit point
of a subnet (f,,,) of the (f,). Then U} (g,) — g1(v) = lim sup, fou)(Xne)) —
lim, f,(v) =1im sup, f,)(Xp@ — V) =r(ve, F). g, satisfies (2), since
g1(v—1vo) = lim, fo)(v —vo) < lim sup, (/) (Xnie) = Vo) = futa)(X gy — v))
< lim sup, fn(:x)(xn(oz)_UO)_lim infaz fn(a)(xn(oz)_v) < r(vos F)_
r(vg, F)=0.

Let v,=(1/m)v+ (1 —(1/n))vye V. Let g,cext K be as above, i.e., with
Ut (g,) — g.(v,)=r(vy, F) and satisfying (2). Let f be a a(V, K)-limit point
of a subnet (g,;,) of the (g,). Then f clearly satisfies (2). Since U} (g,)—
&nlvo) = UZ (8,) — 8a(v,) — (1/n) g4(v — o) = r(vo, F) — (1/n) g, (v —v,) and
since U} —v, is upper-semicontinuous on K, we have U} (f)— f(vo) =
lim inf, (r(ve, F) = (1/n) ga(v—vo)) = r(v,, F).

As in Proposition 2.7 of [1], one can proceed from Theorem 1 to prove
the noncompact analogue of the Laurent-Tuan theorem:

THEOREM 2. With the same assumptions and notations, vy€ V is a best
simultaneous approximation of F in V if and only if there is
poeconv{ feext K; f satisfies (1)} such that ¢y(vy) =max, ., @(v).
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